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Abstract Unmanned aerial vehicles (UAVs) are commonly employed in undergraduate engineering
curricula. Limited literature is, however, available for the lay design engineer or engineering student
regarding the modelling, simulation and analysis of the flight dynamics of small UAV systems, especially
pertaining to flight dynamics modelling. There is great demand for unskilled UAV designers to predict
the stability of new designs, quickly, cheaply, and with relative ease, preferably during the conceptual
design stage. This paper summarizes some salient techniques for performing quick characterization of
the longitudinal dynamics of a small, electrically propelled UAV, by using freely available software such
as Datcom+, AVL, XFLR5 and MotoCalc. The simulation outputs compare favourably with experimental
results from a wind tunnel. The software was also used to provide accurate estimates of coefficients
required for performing an analysis of the UAV's longitudinal dynamics. The proffered analytical
techniques should greatly benefit lay design engineers and engineering students venturing into the
realm of UAV research.
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Notation

A main wing aspect ratio [—]

A, horizontal tail aspect ratio [—]

ay lift-curve slope for main wing [rad™']

a lift-curve slope for horizontal tail [rad™]
main wing span [m]

c airfoil chord [m]

c wing mean aerodynamic chord [m]

Cy coefficient of some force/moment X

Cx, derivative of Cy with respect to Y, i.e. dC,/0Y

Cxa component of Cx due to aerodynamic forces [—]

Cxm component of Cyx due to thrust forces [—]

D drag force [N]

D, base drag force [N]

D; induced drag force [N]
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propeller diameter [m]

Oswald’s efficiency factor [—]

battery energy capacity [J]

gravitational acceleration [m/s’]

aircraft height above sea level [m]

mass moment of inertia about y-axis [kg.m?]

aerofoil sectional-lift [N/m]

distance between propeller and UAV centre of gravity [m]
distance between horizontal tail neutral point and UAV centre of gravity
[m]

distance between main wing neutral point and UAV centre of gravity [m]
UAV mass [kg]

pitching moment [Nm]

Mach number [-]

propeller rotational speed [min™']

power [W]

dynamic pressure [Pa]

range [m]

Reynolds number [-]

main wing planform area [m?]

propeller disk area [m’]

horizontal tail planform area [m’]

thrust force [N]

UAV airspeed [m/s]

speed [m/s]

horizontal tail volume coefficient [—]

linear dimensional stability derivatives [—]

distance to centre of gravity, from reference point [m]
distance to UAV neutral point, from reference point [m]
distance to horizontal tail neutral point, from reference point [m]
distance to main wing neutral point, from reference point [m]
angle of attack [rad]

elevator deflection [rad]

rotation period [s]

rate of change of the downwash angle at the horizontal tail with change
in o [-]

flight path angle [rad]

horizontal tail efficiency [—]

propulsion system efficiency [—]

pitch angle [rad]

thrust angle with respect to reference line [rad]

air density [kg/m’]

kinematic viscosity [m*/s]

natural frequency [rad/s]

damping ratio [—]
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Introduction

Airplane flight dynamics models are extensively used for simulation, implementa-
tion of flight control law algorithms, and extraction of low-order models for flight
control synthesis. Such dynamics models therefore lower the cost and risk associated
with the design and operation of the real airplane system [1-7]. Modelling, simula-
tion and analysis, and flight testing of large airplanes are very well established.
However, limited literature is available for the lay design engineer or engineering
student regarding the modelling, simulation and analysis of the flight dynamics of
small unmanned aerial vehicle (UAV) systems, especially pertaining to flight dynam-
ics modelling [8].

Additionally, there is a growing demand for reliable and low-cost UAV systems.
This is especially true for mini-UAV systems (with wing spans of up to around 2 m),
where the majority of such airplanes are still deployed as prototypes due to their
lack of reliability [9]. Improvement in the modelling, testing and flight control for
small UAVs would increase their reliability during autonomous flight [10].

An experimental, low-cost mini-UAV (Fig. 1) was designed and built at the Uni-
versity of Pretoria’s Department of Mechanical and Aeronautical Engineering [11].
The UAV was designed for wildlife surveillance, and as such has a payload bay in
which a camera is mounted. A primary design goal was flight endurance of at least
45 minutes, which largely determined the design of the electrical drive system. The
UAV is launched by hand, and lands on the belly of the payload unit.

One objective of the study was to create a method for unskilled UAV designers
to predict the stability of new designs, quickly, cheaply, and with relative ease,
preferably during the conceptual design stage.

The proof-of-concept UAV was subjected to testing in a wind tunnel, and also to
limited real-world experiments (under remote control). The salient characteristics of
this mini-UAV are provided in Table 1 and Fig. 2.

This paper shows how lay mini-UAV designers and engineering students could
investigate such an airplane’s longitudinal dynamic stability. Although the equations
of motion for a fixed-wing aircraft are well known [1, 3, 4-7], difficulties arise from

B

Fig. 1 The experimental UAV of the University of Pretoria [11].
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TABLE 1  Salient characteristics of the experimental UAV

Characteristic Value

Mass m=5.3kg

Main wing span b=25m

Main wing area S =0.6928 m*

Cruising speed Vierise = 18 m/s

Propulsion system 12”7 x 6” (304 mm X 152 mm) propeller, 500 W brushless motor, two

3-cell Li-Po battery packs (6 X 3.7 V) giving 14.8 V and 6000 mAh
Reynolds number (at cruise) Re = 300,000
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Fig. 2 Important dimensions of the experimental UAV airframe, and main wing (below).
Distances in mm, with the wing neutral point denoted by NP; the quarter-chord position
(c/4) is also depicted.

handling the aerodynamic forces and moments [12]. This is due to complex depen-
dence of aerodynamic forces and moments on a number of variables. This results in
complicated non-linear correlations between variables [12]. We describe relatively
simple methods for predicting various parameters affecting the stability and perfor-
mance of a mini-UAYV, as well as a method for calculating the transfer functions that
govern the (linearized) longitudinal motion. Apart from giving information on stabil-
ity, these transfer functions can be used for autopilot design.
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Dynamic characterization of the small UAV

Computer analyses

An airplane possesses dynamic stability if the amplitudes of any aperiodic and oscil-
latory motions induced by disturbances eventually decrease to zero relative to a
steady-state flight condition [7]. To study dynamic stability, the authors analysed the
well known differential equations of airplane motion. For small perturbations, these
equations can be decoupled into longitudinal and lateral directional components,
with three degrees of freedom in each [1-7]. Small-perturbation theory also allows
the approximation of the actual non-linear differential equations as linear ones with
constant coefficients, while ignoring any less significant non-linear aerodynamic
effects.

Besides hand calculations, the aerodynamic properties of the UAV were analysed
using freely available software, such as Datcom+ [13, 14], AVL (Athena Vortex
Lattice) [15] and XFLRS5 [16]. Datcom+ and AVL are used to analyse entire aircraft
configurations, and XFLRS is used for aerofoil analysis. Datcom+ is based on the
USAF Stability and Control Data Compendium and uses a mixture of empirical and
analytical methods to analyse fixed-wing aircraft, with the empirical data based on
large aircraft operating at large Reynolds numbers [13, 14]. This means that the
results for a small UAV should be treated with caution. AVL is an inviscid vortex
lattice code which is used to analyse configurations of thin wings at small angles of
attack and sideslip, as well as slender bodies [15], over a very wide range of Reyn-
olds numbers [17-19]. No literature could be found that provides a lower limit on
Reynolds number. AVL is presently the only freely available software that calculates
stability derivatives.

Because the programs use different analytical approaches, a close agreement
between them would be a strong indication of accurate estimates. Ideally, the results
should be compared to wind tunnel test results as well [20-22], or computational
fluid dynamics (CFD) analyses, to verify their applicability to flight at a lower
Reynolds numbers.

The performance of the electric propulsion system was analysed using MotoCalc
[23], a software program which predicts performance of the entire propulsion system,
including battery, speed controller, motor and propeller.

Main wing
The planform area of a wing (S) is defined as the area seen if looking at the wing
from directly above or below, while the span (b) is the distance measured on the
planform from one wingtip to the other [24]. The aspect ratio,A, of the wing gives
information on the shape of the planform, defined in equation 1, and is an important
factor determining a three-dimensional wing’s aerodynamic properties. Finally, the
mean aerodynamic chord, ¢, is a measure used to non-dimensionalize the pitching
moment.
2
A=t M
S
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Fig. 3 Lift/drag for the experimental UAV main-wing airfoil (SD7062), calculated using
XFLRS5 (which in turn uses XFoil). Note that the airfoil stalls at an angle of attack (o) of
15°. These results were calculated at the cruising Reynolds number of 300,000.
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Also of great importance to the aerodynamic properties of the wing is the aerofoil,
or span-wise cross-section. Using thin-aerofoil theory, or software like XFLRS5, the
properties of an aerofoil can be estimated, and then used to generate a result for a
three-dimensional wing. A parameter which has a great influence on the performance
of the wing is the dimensionless Reynolds number, defined as Re = Vc/v [25].

A lift/drag analysis of an aerofoil is shown in Fig. 3, from which important infor-
mation can be found: first, the slope of the curve, C,, in the linear regions (i.e. at
small @) can be estimated. This can be compared with the theoretical result of C;, =
27 = 6.28 / rad predicted by thin-aerofoil theory [24]. Furthermore, the sectional lift
at zero angle of attack can be read off, while the stall point can be seen to be the
point at which maximum lift occurs. The wing lift-curve slope, which is smaller for
a finite wing than for an aerofoil, can be estimated as [24]:

au =G, (ﬁj 3)

Horizontal stabilizer
The horizontal stabilizer, being a smaller lifting surface, is generally located rela-
tively far behind the aircraft’s centre of gravity (below, denoted subscript cg), and
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is vital for longitudinal stability. The aircraft’s elevator is usually a part of the, or
the entire, horizontal stabilizer. Some important values associated with the horizon-
tal stabilizer are the planform area (S,), the lift-curve slope (a,), the efficiency (7,
and rate of change of the downwash angle with changing angle of attack (&,).

The planform area and lift-curve slope are determined in the same way as for the
main wing [24]:

A
atzcla(t)(A _:_2) 4)
t

The horizontal tail efficiency, 1, is defined as the ratio of local dynamic pressure at
the horizontal tail to the free-stream dynamic pressure, which is influenced by factors
such as flow deflections due to the wing/fuselage and propeller wash. This param-
eter is very difficult to estimate, and as it is usually close to unity it can be assumed
that n, = 1 [24].

The value €, = d¢/8c can be estimated from empirical graphs, being a function
of aspect ratio, wing lift-curve slope, wing span, and wing sweep [24]. Alternatively,
a program such as Datcom can be utilized.

Neutral point

An aircraft’s neutral point (below, denoted subscript n) is defined as the point about
which the pitching moment is independent of angle of attack, related to the aerody-
namic centre of an aerofoil [24]. The location of the neutral point is a very important
parameter affecting the longitudinal stability of an aircraft [25].

An aircraft with the neutral point behind (i.e. downstream of) its centre of gravity
is said to be statically unstable, while the aircraft is stable for the neutral point ahead
of the centre of gravity. If the two points coincide, the aircraft is said to be neutrally
stable. Static stability is a necessary condition for dynamic stability [24], discussed
later.

If an aircraft experiences a slight upwards disturbance in angle of attack from
steady flight, the total lift will also increase. Because the aircraft was initially in
steady flight, the initial pitching moment is trimmed to zero. If the centre of gravity
is located in front of the neutral point, the slight increase in lift will cause an oppos-
ing pitching moment, tending to restore the aircraft to its original flight condition.
If the centre of gravity lies behind the neutral point, an increase in angle of attack
will produce a pitching moment in the same direction as the original disturbance,
causing a further increase in angle of attack, thus unstable behaviour (see Fig. 4).

The location of the neutral point of an aircraft can be calculated from equation 5
[24]:

Xpw T XniT]e %ﬂ (1 —&q )
Xy = L )

1+771ii(1—8a)
S a,
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Fig. 4 Statically stable (a) and unstable (b) configurations experiencing a perturbation in
angle of attack from level flight, leading to restoring (a) and diverging (b) pitching
moments.

where x,, x,, and x, are distances of the aircraft’s neutral point, the wing’s neutral
point and the horizontal stabilizer’s neutral point, respectively, measured from some
reference point. The neutral point for the lifting surfaces can usually be taken as
lying on the quarter-chord of the airfoils [24, 25].

An indication of the relative static stability of an aircraft is given by the static
margin (SM). The SM is the normalized distance between the centre of gravity and
the neutral point [24, 25]:

Xn = Xeg

SM = (6)

c

The SM is defined as being positive for statically stable aircraft, and a ‘good’ value
lies somewhere in the range 0.07 < SM < 0.1 [24, 25].
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Fig. 5 Experimental and MotoCalc-predicted thrust force, as functions of airspeed for the
experimental UAV.

Propulsion

The propulsion system of an electrically powered UAV consists of four main com-
ponents: the propeller, motor, speed controller and the battery. The performance of
such a system (i.e. thrust and energy consumption as functions of airspeed) can be
found by experiment in a wind tunnel, from manufacturers’ brochures, or using
freely available software such as MotoCalc [23]. Fig. 5 shows that the commercial
MotoCalc simulation results correlate well with experimental measurements, except
at airspeeds over about 18 m/s.

Moments of inertia

Another important physical parameter of an aircraft is its mass moment of inertia
about the various axes. The moment of inertia can be calculated from first principles
for simple geometries, or found as an output from computer-aided design (CAD)
software. However, this is often very inaccurate, and the moment of inertia of a
small airplane can then be determined experimentally, as next explained.

The moment of inertia of a compound assembled, semi-symmetrical object, such
as the small UAV, may be measured using the bifilar pendulum method. This
approach uses the period of the composite system’s undamped oscillations to calcu-
late the moment of inertia. The UAV is suspended by two cables, and then oscillated
about its centre of gravity. It is important that the two cables be of equal length and
hang parallel, equidistant from the object’s centre of gravity. The airplane must also
hang horizontally in its position of rest. Further, the length of the cables should
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‘ ‘Object to be measured

Fig. 6 Experimental setup to measure the mass-inertia of a small airplane.

exceed four times the distance between them, that is, with reference to Fig. 6, L >
d(a, + a,) [27].

The object is now rotated out of its position of rest by no more than 20° from the
centre line, and then released so that a clear oscillation occurs. The period of the
resulting oscillation is measured, from which the inertia can be calculated using
equation 7 [27-29]:

— 2
_ mgAt2a1a2 %
4n°L
with mg the object weight (expressed in N), At the period of motion (s) and a;, a,
and L are the lengths defined in Fig. 6.
The small UAV is assumed to be symmetrical about the x—z plane (axes as defined
in Fig. 2). This means that I,, = I,, = I,, = 0 [21].

Flight speeds

Using AVL, data can be generated for a UAV in trimmed flight at various airspeeds
(i.e. trimming the angle of attack for requisite lift, and elevator deflection to balance
a pitching moment). This, along with data for available thrust at speed, can be used
to choose operating speeds for conditions such as level flight, and climb/descent
rate. Specifically, the stall speed and the cruising speeds for two flight conditions,
maximum range and maximum flight time, can be found. For obvious reasons, the
aircraft drag plays an important role in these calculations.
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Drag Force [N]
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Fig. 7 Total drag and drag components for level flight, for the experimental UAV.

The drag is decomposed into two parts: the base drag and the induced drag

2

[24, 25], or D =Dy + D; =¢qS (C Do + CIZ j with the base drag (D) scaling according
TAe

to V2, and the induced drag (D;) as V=2 (Fig. 7).

Stall speed
As the speed of the aircraft decreases, the dynamic pressure also drops (since g =
1/2(pV?)). Since the total lift generated must equal the weight during steady flight,
the wing needs to be at a higher angle of attack (and thus generate a larger coefficient
of lift) at lower speeds. As soon as the required local lift coefficient (C;) over some
part of the wing exceeds the aerofoil maximum lift coefficient, the wing is stalled.
The stall speed of an aircraft is therefore defined as the speed at which the required
local lift coefficient at some part of the wing exceeds the aerofoil maximum lift
coefficient, and is the speed below which the aircraft cannot maintain altitude. This
can be found by inspection, using a program such as AVL, which estimates the span-
wise lift distribution (see Fig. 8).

Speed for maximum range

For maximum range, it is required that drag force on the aircraft be a minimum
(noting that work done equals force times displacement, the maximum displacement
that can be obtained from a given amount of work — the batteries’ capacity — will
be at the minimum drag force) [24, 25]. This is, however, a somewhat simplified
approach, as it neglects any speed dependence of the propulsion system.
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Fig. 8 AVL Trefftz plane output of the experimental UAV, showing local lifting coefficient
(dashed lines) for main wing and horizontal tail for level flight at 9.7 m/s versus span (in
m). Note that the main wing is stalled near mid-span (locally, C; > Cya) = 1.6).
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Fig. 9 Drag power during level flight of the experimental UAV.

Speed for maximum flight time

The maximum flight time condition (also known as the loiter speed) is that speed at
which the minimum power is required for flight (i.e. at which the batteries will last
the longest) and is typically lower than the speed for maximum range [24, 25]. The
power required can be found with P, = DV, and is plotted in Fig. 9.
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Fig. 10 Thrust and trimmed drag forces for steady-state flight, for the experimental UAV.
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Fig. 11  Static stability as a function of airspeed for the experimental UAV. Note that the
pitch derivative remains negative, and the UAV is statically stable for all airspeeds.

Operational flight speed and trim settings

For a typical surveillance mission, a UAV would be set up such that it flies towards
the target area at the maximum-range speed (so that minimum battery power is
wasted while getting to the target, thereby maximizing the time spent at the target),
and then switch to the loiter speed while over the target area [30]. Returning to base
it would again use maximum-range flight. However, in general, the airspeed will be
chosen as a compromise between energy efficiency, time available, and desired
climb/descent rate [31].

The speeds at which the UAV can operate during level flight can be found as those
speeds which are above the stall speeds, and for which the maximum available thrust
exceeds the drag force (see Fig. 10, from which the throttle settings for steady flight
can be determined).

As the airspeed increases, the required thrust also increases, which leads to a
decrease in the aircraft’s static longitudinal stability (Fig. 11), due to the destabiliz-
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Fig. 12 Pitch—trim plot — the trimmed elevator deflection is that which results in zero
pitching moment at a specified angle of attack.

ing nature of a tractor propeller. Also, as the airspeed changes the neutral point of
the aircraft moves, due to the change in downwash at the horizontal stabilizer. It is
therefore important to verify that, for all possible flight speeds, the airframe remains
stable (Fig. 11).

During level flight, the elevator deflection, &, is chosen so that the net pitching
moment acting on the aircraft is zero. The required &, can be estimated by generat-
ing plots as in Fig. 12, by finding that elevator deflection which crosses the x-axis
at the angle of attack necessary to generate enough lift to balance the weight of the
UAV.

Climbing performance

During steady flight, an aircraft uses excess power to gain altitude [24,25]. The
vertical speed achievable by an aircraft can be determined from the excess power
available and the weight of the aircraft: (1g)Veim, = Pexcess- Lhe flight path angle, 7,
can then be determined, assuming zero wind and noting that, for flight with zero
bank angle [24, 25]:

. ‘/climb Pexcess
IS ey ®

Launching the UAV

Hand-launching is a popular method of launching UAVs of masses below approxi-
mately 4 kg [8]. However, for this to be safe, one needs to ensure that sufficient
energy can be imparted to the UAV, in the time available. During the launch, the
UAV gains momentum from the throwing action (leaving the thrower’s hand at
Viamen) and from the motor (7TAf), the sum of which has to exceed the momentum of
the UAV at stall speed. Note that, in reality, the propeller thrust decreases with
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airspeed, so the value used for 7 should be selected with care (e.g. the thrust at stall
speed, as a lower limit). From this, the approximate time during which the UAV will

be losing height can be found as tg, :M, and the height through

which it would fall, under the very conservative assumption of zero lift, is

Ay = % gten’. If this value is less than the height from which the UAV is thrown, a

hand-launch will be successful.

Alternatively, it is relatively straightforward to create a simulation of the launch
process, making a simplifying assumption such as constant pitch angle, and allowing
lift, drag and thrust to vary with airspeed and angle of attack.

UAV transfer functions

In the following sections the transfer functions describing the UAV response to
various inputs will be derived. The transfer functions, each a ratio of polynomials

in the form G(s)= % , describe the (linear) relationship between a system input
s

u(t) and an output y(#), and their various derivatives [32]. These functions serve two
main purposes: first, the dynamic stability of the system can be determined by
examining the system poles; and second, they can be used for designing an autopi-
lot control system [33, 34].

Dimensionless coefficients and related derivatives

The numerous required aerodynamic coefficients can be obtained from wind tunnel
testing, numerical computational methods, or from identification of flight test param-
eters [35, 36]. Many of the values can be estimated using simple equations, derived
from first-principle approximations of the airframe, while other values are more
difficult to estimate, and require other methods, such as empirical look-up tables or
numerical simulations. Where possible, multiple methods should be used, with the
resulting spread of values giving insight into the likely error being made.

Coefficients of pitching moment (C,,) and thrust (Cy)
During steady, level flight, the aircraft total pitching moment (and therefore the total
pitching moment coefficient) must equal zero [36]. The total pitching moment of
the aircraft is composed of the aerodynamic pitching moment (C,,4)) due to wings,
fuselage and horizontal tail, and the pitching moment due to thrust effects (Cyr)).
The pitching moment of the propeller is due to the airflow being accelerated
backwards and downwards, while flying at a non-zero angle of attack. This down-
wards deflection of the airflow results in an upwards reaction force on the propeller,
which, coupled with the long moment arm of the thrust to the centre of gravity,
results in a pitching moment [37].
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Fig. 13 UAV travelling at speed V and positive angle of attack o, accelerating air to
speed Vi through the propeller, resulting in thrust T, with perpendicular component T, and
moment arm 1.

To estimate the resulting moment, some assumptions are made. First, at zero
angle of attack, it is assumed that the line of action of the thrust force passes through
the centre of gravity. Second, at a non-zero angle of attack, it is assumed that the
air is accelerated through the propeller such that it is deflected through the
angle of attack, that is, ends up flowing parallel to the airframe reference frame
(Fig. 13).

The thrust delivered by the propeller is solely dependent on the aerodynamics
of the propeller, so the thrust force was calculated based on blade element theory
[24, 38, 39]. The speed of the air accelerated through the propeller, for o= 0, could
thus be estimated from the Rankine—Froude propeller theory [30, 38, 39] by:

2T
PSp

Vo=V + )

with Sp the area of the disk swept by the propeller, and V the free stream speed.
Using these values, the angle 6; was estimated with [24, 25]:

tan@, = —/Sme (10)
Vs —Vcosa

The non-dimensional pitching moment coefficient due to thrust was then found
to be:

Tl, sin 6y

11
qSc an

Cin(r) =
From the equations it can be seen that, for tractor propeller configurations,

BCm(T)

5 =C,, (1) > 0; that is, the thrust acts to destabilize the aircraft.
o
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As the aircraft’s angle of attack changes, the lift produced by the wing and hori-
zontal tail also changes. This change in lift, along with the moment arms through
which the forces act, gives rise to a change in the aerodynamic pitching moment,
which can be estimated with [25, 36]:

I, _
Cma(A)ZaW?—[l[T[th(l—ga) (]2)

— IS
where the horizontal tail volume coefficient is defined as Vj, = ——.
c
Estimates for C,, (4, are also available from both Datcom and AVL, and were used
to verify the hand calculations [11]. The total pitching moment for the aircraft, which
determines the static stability of the aircraft in pitch, is C, = Cp (a) + Coy 7). At low

Mach numbers (below V / V4 = 0.4), as is the case with the authors’ UAV,

m

u

the derivative

can be assumed negligible [25, 36].

The rate of change of angle of attack, (:1_05’ also influences the pitching moment
t

of the aircraft, but its effect is difficult to predict. Using the so-called ‘lag of down-
wash’ method, equation 13 was used [25, 36]. This value is also available as an
output from Datcom, but not from AVL.

_ aC,,
o

Cing = —20177[‘711 lrtga (13)
c

Pitch rate, g = (31—9, influences the total pitching moment similarly to ‘il—a, except
t t

that the point of rotation for pitch is the aircraft’s centre of gravity, while for angle
of attack the rotation point lies at x = oo. The pitch damping derivative was then
estimated (ignoring any contribution from the main wing) with equation 14 [26].
Both Datcom and AVL also gave estimates of this value.

oC,, — ]
= =-2anVy

C i
M 9g ¢

(14)

Finally, the value relating elevator deflection to pitching moment (C,, = 8&) was

d0.
calculated from the lift-curve slope of the horizontal stabilizer, using AVL.
The coefficient of thrust uses the diameter of the propeller and the rotational speed
(in min™") to express the thrust in dimensionless form [25, 36]:

CT = T

e 15
P (15)

Also required are the derivatives of Cr with respect to forward speed, Cr,; and angle
of attack, Cr,. These are, however, difficult to estimate, and are best found with
numerical analysis [1, 7, 33, 34, 36].
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Coefficient of lift (C;)
During level, steady flight, the lift produced must equal the weight of the UAV. This
fact was used to find the required lift coefficient for cruise, with:

mg
CL=—= 16
L= s (16)
The derivative of lift coefficient with respect to angle of attack was found using
an equation similar to that for Cy, , as below [25, 36]. Once again, both Datcom and
AVL provided estimates for this.

C, =aw+aﬂh%(1—€a) a7

The derivative with respect to flight speed was found (for a cruising Mach number
M = 0.054) using [25, 36]:

2

M
CLu = WCL for V/Vsound <04 (18)
The two rate derivatives, i, and C, , were found using the following equations
[25, 36]:

Cr, =2an Vg, (19)
C., =2anV, (20)

The effect of elevator deflection on C;, can be estimated using AVL. However, in
the case of the authors’ UAV, where the elevator is much smaller than the main wing,
Cy. was assumed to be a negligible quantity.

Coefficient of drag (Cp)
The zero-lift drag coefficient Cp is defined as the drag of the aircraft while zero lift
is produced. From this, the drag at different flight conditions was estimated using

2
Cp =Cpy + G , with e being the Oswald efficiency and
TAe TAe

Chy s another difficult parameter to estimate, and is best found using wind tunnel
tests. It can also be estimated by hand using a drag breakdown, CFD analysis, or
Datcom. The authors used Datcom to estimate it. The derivative with respect to angle
of attack was found with [25, 36]:

C.’ .
the induced drag.

_ 2CLCL{1

C
P TAe

2

o

Atlow Mach numbers (below 0.4), the drag coefficient is approximately independent

of speed [9,12], or, Cp, = aa& =0.
u
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The derivative of Cp with respect to an elevator deflection was again found using
AVL.

Dimensional stability derivatives

To assemble the longitudinal transfer functions, it is necessary to convert the dimen-
sionless coefficients calculated above to dimensional coefficients. These derivatives
are derived such that the derivative represents the linear (or angular) acceleration
imparted to the airplane as a result of a unit change in its associated motion or control
variable [13,35]. For example, the dimensionless coefficient C,, was rewritten to

. ¢:15¢Cp, & . ..
give = —— =M,0, where M,, represents the pitch angular acceleration imparted
yy

to the airplane as a result of a unit change in angle of attack. The dimensional stabil-
ity derivatives were then calculated according to the following list, with a subscript
one (;) indicating the nominal value, for example u; being the nominal flight speed
[25, 36]:

_ qlS(CDu + ZCDl )

X, = (22)
mu
Xy, = qlS(CTi“ +2Cy) 23)
miu,
X, = _M (24)
m
Xg = 215C0e. (25)
m
Z, = _M (26)
miu,
7, =-98(C +2Go) @7
m
7, =10k (8)
2muy
ScC
z,=-10 (29)
2mu,
25, =22 (30)
m
M, = @S¢ (Cp, +2Cy)) 31
I whh
0S¢ (Co. +2C,.
= ! ( i ) (32)
Iyyul
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M, = M (33)
I)'Y
ScC,,
1o = e (34)
IYY
=2
M, = qSc°C,, 35)
21,
S¢*C,
=0 (36)
21,,u
ScC,,
My, =2 (37)
I.\'y
Longitudinal transfer functions
Assembling the transfer functions
The Tongitudinal open-loop transfer functions 22, & 4nq 99 i tn
€ longitudinal open-100p transier runctions 53(.8‘)’ 5e(s) an 52(5‘) cou en

be assembled, using equations of following form:

Uls) _ 1\_’u(5)
Se(s) Di(s)

With D,(s) the denominator common to all three transfer functions D,(s) =
Ais* + Bis® + Cis*> + Dys + E,, and N(s) = A,s* + B,s® + Cs> + D,s + E, the

o(s) 0(s)

d ——= denoted
3e(s) an 5e(s) are denote
Nu(s) = Ags® + Bos® + Cos + Dy and Ny(s) = Ags” + Bys + Cg, respectively.

The values for all the coefficients were calculated as shown below, where the
numerical values are the solution when the dimensional derivatives calculated are
substituted [25, 36]:

numerator of the transfer function. The numerators for

AIZUI_Za (38)
Bl:_(Ul_Za)(XM+XTu+Mq)_ZOC_Ma(U1+Zq) (39)

C=(Xy+ X)) (M, (U —Z,)+Zy + M, (U, + Z,))+

. (40)
Man —-Z, Xy +M,gsinb, —(Ma +MTa)(U1 +Zq)
Dl =gSln91 (MOZ +MTO( _MOZ (Xu +XTu))+
gcosb, (Z,My,+(My +Mr,))+ @D

(My+ M) (X, (Ui +Z,))+ Z, XM, +
(XU + XTM)((MO, + MTO()(Ul + Zq)— Man)
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E, = gsin6, (M, + Mz,) Xy — (X, + Xz,) (Mo + Mz,)) +

42)

gcosO (M, +My)Z,—(M, +Mv,)Z,,)
A, =Xs5. (Ui ~Z,) (43)
B, =—Xs. (U =Zy )My + Zo + My (Uy + Z,)) + Z5.X,, (44)
C,=Xs, (Man + M, gsin6, —(Ma + MTa)(Ul +Z, ))— 43)

Zs,(M,gcosO, + XM, )+ Ms, (X, (U +Z,)— (U, —Z,)gcosb,)
D, =Xs.(My, +Mr,)gsin0,—Zs,M,gcos6, + Ms,(Z,gcos0,— X,gsin6,) (46)

Ay =25, 47)
By =Xs.Z,+Zse (M, = (X, + X1.))+ M5, (U, + Z,) (48)
Co=Xs. (U +Z,) (M, +Mr,)-M,Z,)+Zs.M, (X, + Xr,)+ “9)
M;, (-gsin6, —(U, +Z, ) (X, — X1.))
D, =-Xs. (M, +M-r,)gsin0, +Zs, (M, + My,) gcos6, + (50)
M, (X, + Xz,)gsin6, —Z,gcos6,)
Ap =Zs.My, + M5, (U~ Z,,) (51)
By = X5, (Z,Mo, + (U, ~ Zo,) (M, + Mr,)) +
Zse (Mg + M) = Mo (X, + X1,)) + (52)
Ms, (=Zo — (U = Z,)(X, + X7,))
Co = X, ((Moc + MTa)Zu _(Mu +MTu)Za) +
M (Zo (X, + X1,)— XoZ,) + (53)

_(Ma +MTa)(Xu +XTu)+
% XD! (Mu +MTu)

System poles and modes

The denominator D (s) is of key interest as it determines the poles of the system,
which govern the dynamic stability. The system is asymptotically stable if and only
if all the poles (that is, the solutions for D;(s) = 0) lie strictly on the left of the
imaginary axis in the complex plane [32].

The system poles were used to determine the natural frequency and damping ratios
of the short period and phugoid modes (Fig. 14). As the name implies, the short
period is the mode with the higher natural frequency, and is a mode consisting mainly
of a variation in 6 and ¢, with the forward speed, U, remaining approximately con-
stant. The short period mode is typically well damped, with a scale of motion
approximately two orders of magnitude lower than that of the phugoid mode. The
phugoid mode excites mainly the pitch angle and forward speed, with angle of attack
approximately constant [1-7]. These dynamic modes provide important character-
izations of the airplane’s handling qualities, which are not treated in this paper.

International Journal of Mechanical Engineering Education, Volume 40, Number 2 (April 2012), © Manchester University Press



142

M. Miiller et al.

2.5

X Short period

2

1.5

1

Phugoid 05

0

-0.5

Imaginary Axis

-1

-15
-2

-2.5

-9 -8 -7 -6

-4 -3 -2 -1 0 1
Real Axis

Fig. 14 Location of system poles on the s-plane for the experimental UAV, indicating
which poles account for the short period and phugoid modes, with all poles being stable,
indicating the UAV is dynamically stable.

TABLE 2 Dynamic results for the experimental UAV

Parameter Value

Equilibrium flight condition U= 18 mls
o = negative
h=m

Transfer function: elevator defletion to
forward speed

Transfer function: elevator defletion to
angle of attack

Transfer function: elevator defletion to
pitch angle

System poles

Phugoid mode characteristics

Short period mode characteristics

U(s) _ —0.08075(s—64.7332)(s +62.9769) (s +16.9442)
Se(s) s*+15.255% +64.0352 +7.6955 + 12.41
U(s) _ —T78.56(s> +0.06345+0.6311)

o(s) s*+15.255° +64.03s% +7.695s+12.41
U(s)  —84.45(s+6.6755)(s+0.6311)

0(s) s*+15.255° +64.03s> +7.695s +12.41
§=-7.588 +2.2612i

5 =-0.0374 + 0.4432i

@,=0.1978 rad / s

¢=0.08409 rad / s

®,=792rad /s

6=0.959 rad /s

Typical results

The consolidated results obtained for the experimental UAV are given in Table 2.
The most important result is that all the system poles have negative real parts,
meaning that the system is asymptotically stable, that is, it will reject small distur-
bances around the equilibrium. The successful (stable) flight of the UAV corrobo-

rated these findings.

Some information about the flying qualities of the UAV was also determined by
investigating the period and damping ratio of the longitudinal modes. These values
can also be used for subsequent autopilot design.
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Conclusion

A simple mini-UAV has been built and subjected to wind tunnel and other testing.
Freely available software has been used to assist with the dynamic characterization
of the airplane, specifically with respect to longitudinal dynamics.

The use of freely available software fulfils in the requirements of lay design
engineers or engineering students venturing into the field of UAV design and testing,
who require cheap and quick, though acceptable estimations of the open-loop lon-
gitudinal dynamics of a small UAV. The simulation data were used to prepare
dimensional stability derivatives, from which longitudinal transfer functions were
produced. These, in turn, were used to estimate the dynamic characteristics of the
UAYV, which could preempt subsequent autopilot design and further wind tunnel
testing.

The paper presents theory and results in such a format that would hopefully be
beneficial to research engineers and engineering students with limited aeronautical
training or experience. Based on their analyses and validation work, the authors
strongly recommend the use of the freely available software Datcom+, AVL, XFLRS,
and MotoCalc, for conceptual dynamic characterization of a UAV.
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