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Abstract

Motion planning of quadcopters for enhanced autonomy in complex environments

by

Xiangyu Wu

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Assistant Professor Mark W. Mueller, Chair

Flight range and time, as well as autonomous flights in complex environments, are two
challenges preventing quadcopters from being more widely used in the industry. This thesis
reduces the effect of these two problems via several motion planning methods.

This thesis is composed of three parts. In the first part, two methods are proposed to improve
the flight time (endurance) and distance (range) of quadcopters. The first method does so
by finding the optimal flight speed using extremum seeking control. The second method
extends the first method by finding the optimal flight sideslip as well as speed, and adds a
step size adapter to the extremum seeking controller to improve its convergence speed. Both
methods do not require the power consumption modeling of the quadcopters and can thus
adapt to changing payloads and disturbances.

In the next part, we focus on the problem of fast collision avoidance flight in cluttered
environments. First, we propose a computationally efficient memoryless planner for fast
outdoor flights, using a depth camera for sensing obstacles and using the visual inertial
odometry (VIO) for state estimation. Since the VIO may function poorly in areas with
very few visual features or when the flight is overly aggressive. We then take the state
estimation quality of the VIO into account during the trajectory planning. This perception-
aware planner is able to guide the vehicle to areas with more VIO features and avoid overly
aggressive trajectories. It improves the VIO’s accuracy and reduces its failure rate, while
only slightly reducing the flight speed.

Finally, an inertial navigation motion planning strategy is introduced. This state estimation
method only requires the inertial measurement unit (IMU) and can be used as a backup when
other methods fail. By breaking a long trajectory into multiple short “hopping trajectories”
and introducing zero velocity updates when the vehicle is stationary on the ground, the
state estimation variance can be drastically reduced and can be used in closed-loop control
of quadcopters.



i

To my family.



ii

Contents

Contents ii

1 Introduction 1

2 Flight speed adaptation for energy e�cient 
ight 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Dynamic Model of a Quadcopter UAV . . . . . . . . . . . . . . . . . . . . . 7
2.3 Model-Free Adaptive Control . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Fast adaptation of speed and sideslip for energy e�cient 
ight 21
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 Model-free speed and sideslip adaptation . . . . . . . . . . . . . . . . . . . . 26
3.4 Indoor experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.5 Outdoor experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4 Autonomous 
ight through cluttered outdoor environments 50
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2 RAPPIDS motion planning framework . . . . . . . . . . . . . . . . . . . . . 52
4.3 Algorithm for fast outdoor 
ight . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5 Perception-aware trajectory planning with VIO 67
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 System overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.3 Perception-aware cost derivation . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.4 Perception-aware trajectory planning . . . . . . . . . . . . . . . . . . . . . . 76
5.5 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80



iii

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Inertial navigation motion planning strategy 85
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
6.2 Multicopter modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
6.3 State estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.4 Multicopter inertial navigation . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.5 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

7 Conclusion and future work 101
7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
7.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Bibliography 103



iv

Acknowledgments

I would like to �rst and foremost thank my parents and �ancee Lingxi Li for their love and
encouragement not only during my study at UC Berkeley, but also during other important
stages of my life. The invaluable time spent with you makes my life bright and colorful.
Thanks for your support for the pursuit of my own path and I would not have reached so
far without your sel
ess support.

I am particularly grateful for my Ph.D. advisor Professor Mark Mueller, who is an in-
credible mentor with immense knowledge, brilliant ideas, and intense enthusiasm. I really
appreciate your careful and meticulous guidance in my study throughout the past �ve years,
and I will strive to uphold the same level of excellence you instilled in the rest of my career.

I genuinely thank Professor Mark Mueller, Professor Kameshwar Poolla, and Profes-
sor Pieter Abbeel for serving on my dissertation committee. Meanwhile, I am thankful to
Professor Anil Aswani and Professor Koushil Sreenath for serving on my qualifying exam
committee.

Thanks to my colleagues at UC Berkeley: Nathan Bucki, Clark Zha, Karan Jain, Daisy
Zhang, Ting-Hao Wang, Youngsang Suh, Andrea Tagliabue, Jun Zeng, Shuxiao Chen, Jae-
seung Byun, Junseok Lee, Ryan Dimick, Ean Hall, Dennis Schradick, Zheng Jia, Conrad
Holda, Saman Fahandezh-Saadi, Trey Fortmuller, Joey Kroeger, Natalia Perez, and Karan
Mahesh. I learned a lot from you and thanks to your help with my research at Berkeley. I
will cherish the enjoyable time we worked together.

Finally, the works in this thesis would not have been possible without funding from the
following sources: the Graduate Division Block Grant, the J.K. Zee Fellowship, the Defense
Advanced Research Projects Agency (DARPA) Subterranean Challenge, the Army Research
Laboratory agreement no. W911NF-20-2-0105, the AFRI Competitive Grant no. 2020-
67021-32855/project accession no. 1024262 from the USDA National Institute of Food and
Agriculture, and China High-Speed Railway Technology Co., Ltd. The experimental testbed
at the HiPeRLab is the result of the contributions of many people, a full list of which can
be found at hiperlab.berkeley.edu/members/ .



1

Chapter 1

Introduction

A quadcopter is an aerial vehicle propelled by four motors attached to a rigid frame, an
example of which is shown in Fig. 1.1. Generally, the propellers used have the same pitch
angle. Two of them are clockwise and two of them are counter-clockwise. The thrust and
torque of the vehicle can be controlled by changing the speed of each motor. A tutorial to
the modeling, state estimation, and control of quadcopters can be found at [1].

Quadcopters are useful for a wide range of applications such as aerial photography [2]
inspection [3], and transportation [4] thanks to their simple design and high maneuverability.
However, limited 
ight time and reliable autonomous 
ights in complex environments are still
challenges limiting their operations. In this thesis, we propose several methods to enhance

Figure 1.1: A custom-built quadcopter with motion caption maker balls and a stereo camera.
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their autonomy via motion planning, and the following chapters are organized as follows:
In Chapter 2, we address limited 
ight time and endurance problem by �nding the most

energy-e�cient 
ight speed. The proposed method is based on extremum seeking control,
and is able to �nd the 
ight speed which maximizes a quadcopter's 
ight time (endurance) or

ight distance (range) while moving along a given path, using on-board power measurement.
It does not require any model of the power consumption of the system, can be executed on-
line, and guarantees adaptation to unknown payloads. In indoor experiments we show that
hovering is not the most energy-e�cient loitering strategy, and demonstrate our method's
ability to adapt to di�erent aerodynamic disturbances, such as payloads, while 
ying at
the optimal range velocity along a circular path. The method may be especially useful in
applications where a quadcopter carries an unknown payload, allowing it to adapt 
ight
speed for improved 
ight range.

In Chapter 3, we improve our method in Chapter 2. We propose a method for �nding both
the optimal speed and the sideslip angle of a multicopter when 
ying a given path to achieve
either the longest 
ight distance or time. In contrast, in Chapter 2 only the 
ight speed is
optimized. Flight speed and sideslip are chosen as optimization variables because they are
often free variables in multicopter path planning, and can be changed without changing the
mission. Our method is based on a novel multivariable extremum seeking controller with
adaptive step size, which is inspired by recent work from the machine learning community on
stochastic optimization. It converges faster than the standard extremum seeking controller
with constant step size used in the previous chapter. In addition, like the method proposed
in Chapter 2, this method does not require a power consumption model of the vehicle and
is computationally e�cient to run on an onboard embedded computer. In both indoor and
outdoor experiments, the method is shown to converge with di�erent payloads and in the
presence of wind disturbances.

In Chapter 4 we investigate the problem of fast 
ight of the quadcopter in outdoor clut-
tered environments. We introduce a collision avoidance planner based on a recent planner
named RAPPIDS (rectangular pyramid partitioning using integrated depth sensors). The
RAPPIDS motion planner generates collision-free 
ight trajectories at high speed with low
computational cost using only the latest depth image. In Chapter 4 we improve its perfor-
mance by taking the following issues into account. (a) Changes in the dynamic characteristics
of the multicopter that occur during 
ight, such as changes in motor input/output charac-
teristics due to battery voltage drop. (b) The noise of the inertial navigation unit, which
can cause unwanted control input components. (c) Planner utility function which may not
be suitable for the cluttered environment. In this chapter we introduce solutions to each of
the above problems and propose an improved RAPPIDS planner for the successful operation
of quadcopters in a challenging outdoor cluttered environment. At the end of this chapter,
we validate the planner's e�ectiveness by presenting the 
ight experiment results in a forest
environment.

In Chapter 5, we take the state estimation quality of the vehicle from VIO (visual inertial
odometry) into account in its trajectory planning. The research in this chapter is inspired
by our research in Chapter 4, where VIO divergence is a major cause of 
ight failure. VIO
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is widely used for the state estimation of multicopters, but it may function poorly in en-
vironments with few visual features or in overly aggressive 
ights. The perception-aware
planner proposed in this chapter is able to 
y the vehicle to a goal position at high speed,
avoiding obstacles in the environment while achieving good VIO state estimation accuracy.
It samples a group of minimum jerk trajectories and �nds collision-free trajectories among
them, which are then evaluated based on their speed to the goal and perception quality.
Both the features' motion blur and their locations are considered for the perception quality.
The best trajectory from the evaluation is tracked by the vehicle and is updated in a receding
horizon manner when new images are received from the camera. It can run in real time on
a small embedded computer on board. We validated its e�ectiveness through experiments
in indoor and outdoor environments. Compared to the perception-agnostic planner in the
previous chapter, this planner kept more features in the camera's view and made the 
ight
less aggressive, making the VIO more accurate. It also reduced VIO failures, which occurred
for the perception-agnostic planner but not for this perception-aware planner

In Chapter 6, we introduce an inertial navigation motion planning strategy, which can be
used for the state estimation of a quadcopter if other sensors fail. In some challenging envi-
ronments, such as inside buildings on �re, the main sensors (e.g. cameras, LiDARs and GPS
systems) used for multicopter localization can become unavailable. In contrast, direct inte-
gration of the inertial navigation sensors (the accelerometer and rate gyroscope), is usually
una�ected by external disturbances. However, the rapid error accumulation quickly makes
a naive application of such a strategy feasible only for very short durations. In this chapter,
we propose a motion strategy for reducing the inertial navigation state estimation error of
multicopters. Our strategy breaks a long-duration 
ight into multiple short-duration hops
between which the vehicle remains stationary on the ground. When the vehicle is stationary,
zero-velocity pseudo-measurements are introduced to an extended Kalman Filter (EKF) to
reduce the state estimation error, which greatly reduces the inertial navigation's uncertainty.
Indoor and outdoor experiments are conducted to show this strategy's e�ectiveness.

Finally, Chapter 7.2 summarizes the methods and results presented in this thesis.
The materials in this thesis are based on the following papers:

ˆ Andrea Tagliabue, Xiangyu Wu, and Mark W. Mueller. \Model-free Online Motion
Adaptation for Optimal Range and Endurance of Multicopters". In:2019 International
Conference on Robotics and Automation (ICRA). 2019, pp. 5650{5656

ˆ X. Wu and M. W. Mueller. \In-
ight range optimization of multicopters using multi-
variable extremum seeking with adaptive step size". In:2020 IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS). 2020, pp. 1545{1550

ˆ Xiangyu Wu et al. \Model-free online motion adaptation for energy e�cient 
ights of
multicopters". In: arXiv preprint arXiv:2108.03807 (2021)

ˆ Junseok Lee1, Xiangyu Wu1, Seung Jae Lee and Mark W. Mueller. \Autonomous
1Junseok Lee and Xiangyu Wu contributed equally to this article. Names are in alphabetical order.
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ight through cluttered outdoor environments using a memoryless planner". In:2021
International Conference on Unmanned Aircraft Systems (ICUAS). IEEE. 2021, pp.
1131{1138

ˆ Xiangyu Wu et al. \Perception-aware receding horizon trajectory planning for multi-
copters with visual-inertial odometry". In: arXiv preprint arXiv:2204.03134 (2022)

ˆ Xiangyu Wu and Mark W. Mueller. \Using multiple short hops for multicopter naviga-
tion with only inertial sensors". In: 2020 IEEE International Conference on Robotics
and Automation (ICRA) . 2020, pp. 8559{8565

ˆ Jiaming Zha, Xiangyu Wu, Ryan Dimick, and Mark W. Mueller. \A collision-resilient
aerial robot design with an icosahedron tensegrity shell" . (in preparation)
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Chapter 2

Flight speed adaptation for energy
e�cient 
ight

Limited 
ight time and distance constitutes a major bottleneck for the widespread adoption
of multicopters. In this chapter, we introduce an approach that allows a quadcopter to �nd
the 
ight speed which maximizes its 
ight time (endurance) or 
ight distance (range) while
moving along a given path, using on-board power measurement. The proposed strategy is
based on Extremum Seeking Control and (a) does not require any model of the power con-
sumption of the system, (b) can be executed on-line, and (c) adapts to unknown payloads.
We show in the experiments that hovering is not the most energy-e�cient loitering strategy,
and we demonstrate the proposed method's ability to adapt to di�erent aerodynamic dis-
turbances, such as payloads, while 
ying at the optimal range speed along a circular path.
The method may be especially useful in applications where a quadcopter carries an unknown
payload, allowing it to adapt for improved range.

Note that the material in this chapter is based on the following previously published
work.

ˆ Andrea Tagliabue, Xiangyu Wu, and Mark W. Mueller. \Model-free Online Motion
Adaptation for Optimal Range and Endurance of Multicopters". In:2019 International
Conference on Robotics and Automation (ICRA). 2019, pp. 5650{5656

2.1 Introduction

Multicopters are gaining increasing interest as tool for critical, real-world, outdoor appli-
cations such as search and rescue [10], inspection [11] and transportation [12]. Due to the
relatively simple and inherently redundant mechanical design, their popularity is also raising
for manned transportation [13] and space exploration [14], [15] applications. However, the
limited 
ight time and distance of most of the available platforms [16] severely constraint
their range of applications.
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Figure 2.1: A quadcopter carrying di�erent payloads with similar mass but di�erent size.
The proposed control scheme allows to �nd the speed that maximizes the 
ight distance of
the vehicle along a given path. It adapts to unknown disturbances, such as the aerodynamic
interference from a payload.

A possible solution to limited 
ight autonomy is the deployment of novel designs, such
as VTOL platforms [17], [18], tethered multicopters [19] and hybrid solutions [20]. For
existing platforms, e�ciency can be improved via hardware optimization (e.g. by reducing
the weight) or via algorithm-based optimization.

Algorithm-based optimization o�ers multiple opportunities for the improvement of e�-
ciency of aerial machines, as it is easy to implement, economic to deploy, and can be used to
complement mechanical designs, gaining insights for novel hardware platforms. Algorithmic
improvements can be achieved via a model-based or a model-free approach. A model-based
approach (e.g. [21], [22], [23]) allows to fully exploit the capabilities of the system, but relies
on the ability to derive and identify an adequate model of the power consumption of a mul-
ticopter. Such a model is usually focused on capturing the electrical power losses [24], [25],
[26], or the aerodynamic power losses [27] [28], [29] of the robot. A model-free approach (e.g.
[30]), instead, allows to better take into account hard-to-model, less known e�ects, such as
changes in performance due to aging of the components, or changes in the aerodynamic due
to payloads.

In this chapter we present an on-line, model-free, adaptive approach to �nd the velocity
which maximizes the total 
ight time (endurance or loitering time) or 
ight distance (range)
of a quadcopter, using Extremum Seeking (ES) control. ES control is peak-�nding technique
and it is thoroughly described in e.g. [31]. It has found a relatively wide usage in robotics,
as detailed in the literature survey [32]. Its applications include aeronautics, where it is
employed to increase power e�ciency in formation 
ight [33]. In our chapter, ES control is
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used to minimize derived cost functions which express the endurance and range of the robot
as a function of its velocity, given a �xed energy budget. The proposed scheme autonomously
sets the reference velocity along a prede�ned path according to the chosen cost function. By

ying along a circular path with a quadcopter, we show that the algorithm allows to �nd
the optimal, non-zero, loitering velocity. We demonstrate that our approach successfully
adapts the reference velocity to the optimal range velocity in multiple 
ight scenarios, such
as the transportation of the di�erent payloads shown Fig. 2.1. In addition, we compare
our experimental results with the predictions from a derived dynamic model of the power
consumption of a quadcopter.

2.2 Dynamic Model of a Quadcopter UAV

In this section we derive the dynamic model of a quadcopter that takes into account the
electrical power consumption, as measured at the terminals of the on-board battery. Such a
model allows to justify some of the counterintuitive properties of the system observed in our
experimental results (e.g. power consumption is not monotonically increasing w.r.t. veloc-
ity), and allows to make predictions on the behavior of the system beyond the capabilities
of our experimental testbed.

Reference frame de�nition

As shown in Fig. 2.2, we de�ne two sets of coordinate frames: an inertial frameI and a
non-inertial frame B, attached to the Center of Mass (COM) of the quadcopter.

Quadcopter dynamics

The quadcopter is modeled as a rigid body with six degrees of freedom. Its translational
and rotational dynamics are described by the following set of Newton-Euler equations:

m •x = mg + R
X

f i + f d (2.1)

_R = R J! K (2.2)

I _! = � ! � I! +
X

� i (2.3)

The vector x and its derivatives express the vehicle's translational position, velocity and
acceleration in the inertial reference frameI , while ! and its derivative de�ne the angular
velocity and acceleration in the body-�xed frameB. Each propelleri (i = 1; :::; 4), produces
a thrust force f i = (0 ; 0; f i ) and a torque � i = (0 ; 0; � i ), expressed inB . We additionally
introduce the rotation matrix R , which relates the body-�xed and world-�xed frames, and
the gravity vector g = (0 ; 0; � g), expressed inI . The vectorf d, also expressed inI , represents
the drag force modelled as an isotropic drag, which is the sum of a linear and a quadratic
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Figure 2.2: Coordinate frame de�nition. I represents the inertial reference frame andB the
quadcopter reference frame. We additionally show the thrust force of thei -th propeller f i ,
the freestream velocity� 1 , the induced velocity� and the angle of attack� , shown positive
in the diagram.

term (see e.g. [34]):

f d = �
�
� 1� 1 + � 2� 2

1

� � 1

� 1
= f d

� 1

� 1
; � 1 = k� 1 k (2.4)

where � 1 corresponds to the freestream velocity expressed inI . The scalars� 1 and � 2

represent the drag coe�cients and can be identi�ed experimentally. We additionally assume
that the drag force acts on the COM of the multicopter and thus no torques are produced.

Power losses

Following [16], [21], [30], we assume that the total power consumptionp (measured at the
terminals of the battery) is proportional to the aerodynamic induced power[29] pinduced :

p =
1
�

pinduced (2.5)

where� lumps the conversion losses in the energy 
ow from the battery to the propellers and
can be obtained experimentally. Assuming constant altitude and forward 
ight and given
f thrust = f 1 + ::: + f 4, pinduced is computed as [29]:

pinduced =
4X

i =1

pinduced;i =
4X

i =1

� (� + � 1 sin� ) f i = � (� + � 1 sin� ) f thrust (2.6)
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where� represents the induced velocity applied by the propeller to the surrounding air. The
angle of attack� is de�ned as the angle between� 1 and the plane given by1B and 2B , as
represented in Fig. 2.2. For simplicity we have assumed the angle of attack� , the induced
velocity � and the freestream 
ow� 1 to be the same for every propeller, neglecting e�ects
such as changes in freestream velocity due to non-zero angular rates! . The scalar� is an
empirical correction factor, and can be lumped in the conversion e�ciency factor� . The
induced velocity � is implicitly de�ned as [29]:

� =
� 2

hp
(� 1 cos� )2 + ( � 1 sin� + � )2

: (2.7)

The induced velocity at hover� h is obtained from:

� h =

s
mg=4
2��r 2

(2.8)

where� is the density of the air andr is the radius of the propellers. Equation (2.7) can be
solved for� using numerical techniques such as the Newton-Raphson [35].

2.3 Model-Free Adaptive Control

In this section we introduce the model-free approach which allows to identify optimal range
and endurance velocities of a multicopter, along a prede�ned reference path. Small changes
in the vehicle's velocity can a�ect the power consumption and thus the autonomy of the
vehicle, as illustrated in Fig. 2.3. Identi�cation via model-based approaches is not always
possible, as optimal range and endurance speed depend on multiple electromechanical and
aerodynamic properties of the robot, like the thrust to lift ratio of propellers, the drag on
the fuselage (e.g. due to payloads), the e�ciency of the electric motors and the e�ciency
of the electronic speed controllers. Unknown or un-modeled disturbances, including wind,
aging of the components or payloads, can further a�ect these optimal operating points. An
on-line, adaptive approach seems therefore especially suitable for this task. The proposed
scheme based on Extremum Seeking control is detailed in the following paragraphs. A main
assumption of our method is that information about the instantaneous power consumption
of the vehicle is available, for example by sensing the voltage and current at the battery.

Extremum Seeking Controller

As shown in Fig. 2.4, ES control allows to �nd an unknown, time-varying plant operating
point r � (t) which maximizes or minimizes a given plant outputq(t). The optimal setpoint is
found by applying a small periodic perturbationasin(! dt) to the current reference setpoint
r̂ (t) and by monitoring the changes of the plant's output at the given disturbance frequency
! d. The scalara de�nes the magnitude of the perturbation, while the disturbance frequency
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Figure 2.3: Power-velocity curve obtained by 
ying a quadcopter at di�erent velocities along
a horizontal circular path of radiusr = 1:7 m. We have highlighted the optimal endurance
velocity, corresponding to the speed that minimizes the electrical power consumption, and
the optimal range velocity, corresponding to the speed that minimizes the ratio between
power and velocity. According to the proposed model, the power consumption at optimal
endurance velocity further decreases by 
ying along a straight path.

! d is set at a value su�ciently small, so that the plant can be considered a static map. If
perturbed plant's input r (t) = r̂ (t)+ asin(! dt) and output q(t) are in phase (i.e. input grows,
output grows) then the reference setpoint ^r (t) is decreased (assuming that we are minimizing
the cost function). If they are out of phase, ^r (t), which corresponds to the current estimate
of the optimal operating point, is increased. The persistent nature of the input perturbation
asin(! dt) allows to adapt to time-varying systems. A proof of convergence and further details
are provided in [31].

In the context of maximizing the range or endurance of a quadcopter, we employ an ES
controller to set the reference tangential speed of the vehicle along a desired path. We de�ne
suitable cost functions which relates range (distance 
own) and endurance (time 
own) to the
speed of the vehicle and its instantaneous power consumption. The estimate of the optimal
reference tangential velocity, output of the ES controller, is then used to parametrize the
desired path into a trajectory, fed as input to the position and attitude controller of the
vehicle. A diagram of the system architecture can be found in Fig. 2.5.

Cost function derivation

In this section we derive two cost functions, one which relates the velocity of 
ight of a
multicopter with its range distance and one with its endurance time. We assume that
it is given a constant energy budget, such as the energy stored in the on-board battery
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Figure 2.4: Block diagram of a feedback scheme based on Extremum Seeking (ES) control.
The scalarr0 represents the plant's initial setpoint. The frequency of the HP and LP �lters
is set, respectively, to! HP and ! LP . The scalark is a tuning parameter of the controller:
setting k > 0 allows to maximize the output of the plant, whilek < 0 minimizes the output.

Figure 2.5: System diagram employed for on-line optimization of the range or endurance of
a quadcopter UAV. Given a desired path, such as a circle of constant altitude and radius,
the Extremum Seeking (ES) controller generates a reference trajectory which is tracked by
the UAV via the position and attitude controller. The reference trajectory is generated by
de�ning a reference velocity along the desired path. The ES controller automatically sets the
reference velocity which minimizes a given cost functionf (�), according to the information
provided by the motion capture system about the estimated velocity of the UAV and the
current and voltage measurements from the sensors mounted on-board.
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E 2 [Eempty ; Efull ]. We additionally assume that the vehicle (a) is moving at steady state,
with constant ground velocity vground , (b) is using a constant powerp, and (c) is maintaining
a constant altitude and orientation along the reference path.

Endurance mode

The endurance timetendurance is de�ned as:

tendurance :=
Z tend

t0

dt =
Z E full

Eempty

1
p

dE =
1
p

� E (2.9)

by considering that t0 and tend represent initial and �nal time of the mission, corresponding
respectively with the full and empty states of the on-board batteryE full and Eempty , with
� E = E full � Eempty . From (2.9), and given that the total energy in the battery � E is
constant, follows that:

max(tendurance) , max
� 1

p

�
, min(p) (2.10)

Range mode

The range distancedrange is de�ned as:

drange :=
Z tend

t0

vground dt =
Z E full

Eempty

vground

p
dE =

vground

p
� E (2.11)

From (2.11) follows that:

max(drange) , max

 
vground

p

!

, min

 
p

vground

!

: (2.12)

Stability and performance considerations

Stability convergence of the ES control scheme is guaranteed only if the magnitude of the
additive disturbance asin(! dt) on the reference velocity is su�ciently small [31], and! d is
su�ciently smaller than the natural frequency of the quadcopter. Tuning of the controller
requires then to identify three di�erent time scales in the controlled system:

1. A \fast" time scale, de�ned by the dominant (slowest) dynamics of the plant. In our
case this value is set to the dominant pole of the position controller of the quadcopter.

2. A \medium" time scale, which corresponds to the frequency! d of the disturbance of
the ES controller.

3. A \slow" time scale, which correspond to the dominant frequency of the high-pass and
low-pass �lters employed in the ES controller.
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Performance while stability requirements signi�cantly limit the convergence speed of the
controller, they imply that the action of the persistent disturbance output by the ES con-
troller has little e�ect on the worsening of the power consumption, as the accelerations
introduced by the periodic perturbation are small. Furthermore, we observe that due to
the persistent input perturbation, which guarantees time-varying adaptation, the controller
only converges to a neighborhood of the optimal setpoint. Convergence time, in addition, is
limited by the speed of the dominant frequency of the plant (for the time scale separation
requirement).

2.4 Experimental results

In this section we present the experimental results to validate the e�ectiveness of the proposed
on-line, optimal velocity �nding approach. The results show that the algorithm is able to
�nd the optimal range and endurance velocities despite unknown disturbances and starting
from di�erent initial velocities. In addition, we present how to identify the parameters of
the power model proposed in Section 2.2 and validate the model.

Experimental setup

Figure 2.6: Hardware used for the experimental results.
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The vehicle used throughout the experimental results is a custom-built quadcopter, shown
in Fig. 2.6, where we also show the payloads used for validation of the proposed approach.
The on-board attitude controller runs at 500 Hz on a Bitcraze Crazy
ie [36] electronic
board with a modi�ed version of the PX4 �rmware [37]. Position and other controllers run
o�-board, sending commands to the vehicle via a radio link at 50 Hz. The experiments
are executed indoor, using a commercial motion capture system for the localization of the
vehicle. Due to the size of the 
ight space, we 
y along circular paths with a maximum
radius of approximately 2:15 m.

Model identi�cation and validation

In this section we validate the modeling assumptions presented in Section 2.2. We identify
the model parameters and compare the predicted and measured power consumption by 
ying
along a horizontal circular trajectory at di�erent velocities. We assume that the e�ciency

Figure 2.7: (Top:) Power-velocity curve measured and predicted by our model.(Bottom)
Drag force as a function of the velocity and model prediction with the identi�ed parameters.
The identi�cation setup has been obtained by 
ying a quadcopter without payload along a
horizontal circular path of radius r = 1:7 m.

of the powertrain and propellers is lumped in the parameter� , which is identi�ed as:

� =
p̂h

mg� h
(2.13)
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where p̂h corresponds to the measured electrical power consumption at hover, obtained via
the on-board voltage and current sensor. The induced velocity at hover� h is computed
according to (2.8). The drag coe�cients are identi�ed by 
ying at di�erent velocities along
a circular trajectory with constant altitude and are obtained according to:

f̂ thrust = �
m

cos� cos�
g (2.14)

f̂ drag = ( f̂ thrust R 3I ) � e� 1 � m _� 1 : (2.15)

where for simplicity and to reduce the e�ects of noise we have assumed that the vehicle only
moves horizontally. The angles� and � correspond, respectively, to the roll and pitch of
the vehicle. From the identi�cation experiment, we obtain that the powertrain e�ciency
� � 0:310, the linear drag coe�cient � 1 � 0:153 N m� 1 s and the quadratic drag coe�cient
� 2 � 0:035 N m� 2 s2. A comparison of the estimated and measured power consumption,
as well as the measured and identi�ed drag, is shown in Fig. 2.7, where we 
y along a
circular trajectory of radius 1:7 m at high speed. We remark that the validation dataset is
di�erent from the one used for identi�cation of the parameters of the model. We can observe
that the model predicts the power consumption well up to about 3:5 m s� 1, and then tends
to underestimate the power demand, potentially due to the simple modeling assumption
regarding the electrical power losses.

Optimal range and endurance velocities along a circular path

In this part we present the experimental results from the online peak-�nding scheme based
ES control, which is used to �nd the optimal range and endurance velocities of a quadcopter

ying a circular path. As described in Section 2.3, the magnitude of the reference disturbance
! d is set to 0:2 rad s� 1, which is about one decade slower than the closed-loop dynamic of
the position controller, whose dominant frequency is set to 2:0 rad s� 1. We empirically found
that a good value for the amplitude of the disturbancea is 0:15 m s� 1. If faster convergence
speed is required and a larger disturbance can be tolerated, the magnitude of disturbancea
can be slightly increased.

Optimal range velocity

Convergence to optimal range velocities is demonstrated by 
ying a quadcopter of mass 0:665
kg with di�erent payloads along a horizontal circular path of radius 1:7 m. The employed
cost function corresponds to minimize the expression derived in (2.12), where the power
measurementp is provided by on-board sensors and the velocityvground is obtained from the
output of the state estimator. The ES controller is tuned so that the gaink is set to � 1,
and the cuto� frequencies of the HP �lter ! HP and LP �lter ! LP are set to 0:1 rad s� 1.

Experiments were executed using di�erent cardboard boxes acting as payloads, and with
no payload. The box was oriented so that its largest surface was facing the direction of
motion of the vehicle. By varying the size of the box while maintaining approximately the
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Figure 2.8: Experimental results of the convergence of the Extremum Seeking (ES) con-
troller. In the �rst plot we observe that the optimal range velocity di�ers due to the aero-
dynamic properties of the transported payload (� 3:0 m s� 1 for large box, � 3:1 m s� 1 for
medium, � 3:2 m s� 1 for small, and � 3:6 m s� 1 with no box). In the second and third plot
we observe that optimal range and endurance velocity converge despite the di�erent initial
values. The optimal endurance velocity is non-zero due to the e�ect of the induced power
consumption. The changes in power and energy per meter for the di�erent scenarios are
represented in Fig. 2.10 and Fig. 2.9 respectively.
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Figure 2.9: Cost function, expressed as energy/disitance, used by the ES controller to �nd
the optimal range velocity of a quadcopter. The cost function presents a minimum at� 3:0
m s� 1 when a cardboard box is attached to the quadcopter, and a minimum at� 3:5 when
no payload is attached. These results are in agreement with the convergence velocities shown
in Fig. 2.8 (�rst and second rows).

Figure 2.10: Normalized power of the vehicle 
ying at di�erent tangential velocities (with
no box), which corresponds to cost function used by the ES controller to �nd the optimal
endurance velocity.
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Figure 2.11: Optimal endurance velocity and hover-normalized power consumption as a
function of the trajectory radius for a quadcopter of massm = 0:695 kg and identi�ed drag
coe�cients, estimated according to the proposed lumped model. We can observe that the
proposed model predicts a minimum power consumption of approximately 95% of the value
at hover for circular paths of radius larger than approx. 10 m.

same weight of 0:2 kg, we are able to show convergence to di�erent velocities. Fig. 2.1 shows
photographs of the vehicle with the boxes, as used in the experiment.

The experimental results are shown in the �rst and second rows of Fig. 2.8, where we
display the estimate of the optimal reference tangential velocity, as computed by the ES
controller. In order to verify that the reference velocity converges to the optimal value, in a
separate experiment we 
y for 60 s at di�erent tangential velocities, along a circular path of
the same radius as before, and we record the value assumed by the employed cost function.
The results are shown in Fig. 2.9.

By comparing the convergence velocities of the ES controller in the �rst row Fig. 2.8
with data in Fig. 2.9, we observe that the proposed method is able to �nd the optimal range
velocities despite the di�erence in payloads. In addition, the second row of Fig. 2.8 shows
that the method is able to �nd the optimal range velocity despite starting from di�erent
initial velocities.

Optimal endurance velocity

Similar to the optimal range case, convergence to the optimal endurance velocity is shown by

ying along a circular path of radius 2:15 m at a �xed altitude, using a quadcopter of 0:695
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kg and no box attached. The employed cost function corresponds to minimizing the power
measured on-board, as derived in (2.10). The gaink of the ES controller is set to� 1, while
! HP = ! LP = 0:02 rad=sec. The convergence results are displayed in the third row of Fig. 2.8,
where we plot the estimate of the optimal reference tangential velocity, output of the ES
controller (without sinusoidal disturbance). For comparison, Fig. 2.10 represents the value
of the employed cost function, obtained by 
ying for 20 s at di�erent tangential velocities
along the same circular path. In this case we observe that the minimum of the cost function,
which corresponds to a reduction of approximately 1% of the power at hover, is reached for a
non-zero reference tangential velocity, corresponding to about 1 m s� 1. Such e�ect is due to
the reduction in induced power consumption for increasing freestream velocity, as detailed
by [29] and also observed by [16], [21], and justi�es why hovering is not the optimal loitering
strategy. From Fig. 2.8 (third row) we can observe that the reference tangential velocity
successfully converges to the minimum of the cost function measured in Fig. 2.10. From the
derived model we can additionally observe that increasing the radius of the circular path
helps to increase the autonomy of the robot. As shown in Fig. 2.11, our model predicts on
improvement of approx. 5% of the power consumption at hover for paths with radius larger
than 10 m.

2.5 Conclusion

In this chapter we have presented a method to �nd the velocity which maximizes the 
ight
distance (range) or time (endurance) of a multicopter, given a desired path. Experiments
show that the proposed approach is able to converge to the optimal velocity independent of
the initial speed of the robot. By varying the aerodynamic drag of the vehicle with di�erent
payloads, we additionally show that our method allows to adapt the optimal range velocity
to unknown disturbances. From our modeling e�orts and experimental results we observed
that, for circular paths with su�ciently large radius, the total power consumption as a
function of the freestream velocity of the multicopter is not monotonically increasing, but
presents a minimum for non-zero velocity. This means that the optimal loitering strategy is
not hovering, but rather 
ying with some velocity along a straight line or along a circular
trajectory of su�ciently large radius. Our experiments achieved a repeatable improvement
w.r.t. the electrical power consumption at hover (Fig. 2.10), while 
ying along a circular path.
Our model predicts further improvements as the radius of the path increases (Fig. 2.11), but
we could not verify the consumption along circular paths with larger radius due to the limited
space available.
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Chapter 3

Fast adaptation of speed and sideslip
for energy e�cient 
ight

This chapter is a follow up of the previous chapter, and extends the adaptation of the 
ight
speed to both the speed and sideslip of the vehicle. By adding a step size adapter to standard
extremum seeking controller, the convergence speed is also improved.

In this chapter propose a method for �nding the optimal speed and sideslip angle of a
multicopter 
ying a given path to achieve either the longest 
ight distance or time. Since

ight speed and sideslip are often free variables in multicopter path planning, they can be
changed without changing the mission. The proposed method is based on a novel multivari-
able extremum seeking controller with adaptive step size, which is inspired by recent work
from the machine learning community on stochastic optimization. It (a) does not require a
power consumption model of the vehicle, (b) is computationally e�cient and runs on low-
cost embedded computers in real-time, and (c) converges faster than the standard extremum
seeking controller with constant step size. We prove the stability of this approach and val-
idate it through both indoor and outdoor experiments. The method is shown to converge
with di�erent payloads and in the presence of wind.

Note that the material in this chapter is based on the following papers. It is primarily
based upon the latter paper, which is an extension of the former paper.

ˆ X. Wu and M. W. Mueller. \In-
ight range optimization of multicopters using multi-
variable extremum seeking with adaptive step size". In:2020 IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS). 2020, pp. 1545{1550

ˆ Xiangyu Wu et al. \Model-free online motion adaptation for energy e�cient 
ights of
multicopters". In: arXiv preprint arXiv:2108.03807 (2021)
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Figure 3.1: A quadcopter with and without a box payload with unknown aerodynamics
e�ects, as used in the outdoor experiments.

3.1 Introduction

Multicopters are used in a wide range of applications such as aerial photography [2], trans-
portation [4], search and rescue [10], inspection [3], and agriculture [38], thanks to their low
cost, ease of control, and high maneuverability. However, a primary limitation for current
vehicles is their limited 
ight endurance and range [16].

One way to improve the limited 
ight range or endurance problem is through energy-
e�cient mechanical design. For example, in [39] a triangular quadcopter with one large
rotor for lifting and three small rotors for control was proposed, which has the advantage of
combining the energy e�ciency of the large rotor and the fast control response of the small
rotors. In [40], the authors designed a quadcopter with slightly tilted motors which has a
better control authority over the yaw. This results in a lower variance in motor forces for
yaw control. Because a motor's power is a convex function of its thrust, this design helps to
reduce the total power consumption of the motors. Hybrid quadcopters which are able to
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do both aerial and ground locomotion, were introduced in [20] and [14]: when the vehicles
operate in the ground locomotion mode on a 
at ground, they only need to overcome the
rolling resistance and use much less power compared to 
ying. A hybrid power system for
multicopters consisting of a lithium battery, a fuel cell, and a hydrogen tank was introduced
in [41], which enables longer 
ight time compared to traditional battery-only power systems,
thanks to the higher speci�c energy of hydrogen compared with the lithium battery. In [42],
an in-
ight battery switching system was proposed, which enables a small quadcopter to
dock an additional battery to a large quadcopter and increases its 
ight time.

Another category of methods focus on developing algorithms to reduce the power con-
sumption of existing multicopters. By planning energy-e�cient trajectories or by imple-
menting energy-aware control algorithms, these approaches do not require design changes
to existing hardware and are thus economical to deploy. For example, in [23] the authors
proposed a method for �nding the minimum-energy trajectory between a prede�ned initial
and �nal state of a quadcopter, by solving an optimal control problem of the angular accel-
erations of the four propellers. This approach was extended in [43], where the �xed end-time
trajectory optimization was extended to both free and �xed end-time solved with an in-
direct projected gradient algorithm to improve the numerical accuracy. Simulation results
were shown to validate the e�ectiveness of the methods in both papers. In [22], the task
of reaching a goal in a set of candidate goals while using the least amount of energy was
investigated. The energy-e�cient path planning algorithm was based on model predictive
control and disturbance from wind was considered. The authors showed that their method
was able to reach the goal which required the least amount energy in simulations and indoor
experiments. In [44] and [45], the authors proposed energy-aware coverage path planning
methods for photogrammetric sensing of large areas using multicopters. The methods �nd
the optimal speed along the coverage path to minimize the energy usage during the mission.
Outdoor experiments were conducted to validate their methods.

A necessary condition for model-based methods to perform well is accurate power con-
sumption modeling. Power consumption models of multicopters can be derived by analyzing
their electric and aerodynamic properties. For example, [24] [46] introduced power con-
sumption models of the battery, electric speed controller and motor, and [29, Chapter 5]
introduced the aerodynamic power consumption of the propeller based on the momentum
theory. Besides, some researchers proposed data-driven models by selecting variables that
a�ect the power consumption (e.g. the vehicle's speed and acceleration, wind speed, and
payload weight) as inputs and �nding their relationship to power consumption through ex-
perimental data [44] [47].

However, there are often hard-to-model e�ects on the vehicle's power consumption, such
as changes in vehicle components' performance (e.g. batteries and motors) due to aging and
temperature changes. In addition, the change in payload size, shape, or weight in applications
such as package delivery and spraying (e.g., pesticide or fertilizer at farms) often requires
reidenti�cation of parameters in the power consumption model, which is time-consuming.
The imperfections in the energy model could potentially be compensated using online data-
driven methods. For example, in [48] the authors used an Extended Kalman Filter and in
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[49] the authors used Gaussian processes to estimate the correction terms in the vehicle's
dynamics equations, which improved the control accuracy of the quadcopters. However, to
the best of our knowledge, no such methods have been developed for the energy e�cient

ight of quadcopters yet, and their e�ectiveness and computational e�ciency are thus still
an open question.

The aforementioned di�culties in quadcopter energy consumption modeling motivates
us to propose a model-free method for �nding the 
ight speed and sideslip angle (i.e., angle
between the forward direction of the vehicle and the relative wind) which achieve the longest

ight time (endurance) or 
ight range given a prede�ned path. The method is based on a
novel multivariable extremum seeking controller and does not require power consumption
models of the multicopter.

Extremum seeking control is a model-free adaptive control technique for �nding the
local minimizer of a given, potentially time-varying, cost function by applying a persistently
exciting periodic perturbation to a set of chosen inputs, and monitoring the corresponding
output changes. A survey of the development of this control method can be found at [50]. It
has applications in areas such as maximizing the energy generation of wind turbines [51] and
photovoltaic power plants [52], and maximizing the pressure rise in axial 
ow compressors
[53]. Its applications in robotics can be found in a literature survey [32]. A common problem
of extremum seeking controllers is their slow convergence speed, and we propose a novel
multivariable extremum seeking controller with adaptive step size to improve it. In addition
to the 
ight speed, it could also simultaneously �nd the optimal 
ight sideslip angle to
achieve the longest 
ight range or endurance (time).

The major contributions of this chapter are as follows:

1. We present a model-free adaptive method to �nd the 
ight speed and sideslip angle of
multicopters that achieve the longest 
ight range or endurance.

2. The method is based on a novel multivariable extremum seeking controller with adap-
tive step size, which is computationally e�cient and converges faster than the standard
extremum seeking.

3. We give a stability proof for the proposed controller via averaging and singular pertur-
bation analysis.

4. We validate the e�ectiveness of the proposed method in extensive outdoor experiments.
The experiments demonstrate the proposed method's faster convergence compared with
the standard method, robustness to payloads and wind disturbances.

5. Outdoor experiments and analysis about the proposed method's performance under
wind disturbances.
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Figure 3.2: Block diagram of the adaptive step size multivariable extremum seeking controller
(in the dashed rectangle). The goal of the controller is to �nd the optimal sideslipr � and
r v to minimize the cost function y = ( h � l)(r ). The frequencies of the high pass and low
pass �lters are set, respectively, to! hv and ! lv for speed, and! h� and ! l� for sideslip. The
scalarkv and k� are related to the step size of the extremum seeking controller and both of
them should be positive numbers to minimize the cost function. The standard extremum
seeking controller with sinusoidal perturbations does not have the step size adapter and the
outputs of the low pass �lters directly go to the integrator, while the remaining structure of
the algorithm is exactly the same. The step size adapter is detailed in Section 3.3.

3.2 Problem statement

In this chapter, we propose a method to �nd the most energy-e�cient 
ight speed and
sideslip angle to mitigate the common problem of the limited 
ight range and endurance of
multicopters.

We choose to optimize these two variables because they a�ect the vehicle's power con-
sumption and are typically additional (redundant) degrees of freedom in a multicopter's

ight, where the 
ight missions require the vehicle to track speci�ed geometric paths. Be-
cause the multicopter is usually not axisymmetric (especially when carrying payloads), 
ying
with di�erent sideslip angles a�ects the drag force faced by the vehicle and leads to di�erent
power consumption. The sideslip angle can be changed by changing the yaw angle. The 
ight
speed also a�ects the power consumption of the vehicle: when the 
ight speed increases, the
power consumption �rst decreases and then increases, which can be explained by momentum
theory [29, Chapter 2.14]. This predicts that the maximum 
ight endurance is achieved by

ying at a suitable 
ight speed, rather than hovering.

When our goal is to achieve the longest 
ight endurance (time), we want to minimize the
consumed energy for a given time. As a result, the cost function for the optimal endurance

ight is de�ned as the instantaneous electric powerpe. When the goal is to achieve the longest

ight range (distance), we want to minimize the energy consumed for a given distance. Thus,
the cost function for the optimal range 
ight is instantaneous electric power over speedpe=v
(i.e. energy over distance), wherev denotes the speed of the vehicle.
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A model-free optimization method is preferable, which can handle hard-to-model e�ects
(e.g., components aging and temperature change) and payload changes. This motivates us to
use an extremum seeking controller to �nd the optimal 
ight speed and sideslip angle. The
required inputs to the extremum seeking controller are the instantaneous energy cost and a
user-de�ned geometric path. Its outputs are the vehicle's reference speed and sideslip angle
commands, which are then used to convert the geometric path into a reference trajectory to
be tracked by the low-level controllers.

3.3 Model-free speed and sideslip adaptation

In this section, we introduce the novel multivariable extremum seeking controller with adap-
tive step size. It is able to achieve faster convergence than the standard extremum seeking
controller with a �xed step size, by taking a smaller step size when the estimated gradient
has a large magnitude or variance and vice versa. Vector variables and functions that map
to vectors are written in boldface.

Extremum seeking controller with adaptive step size

A block diagram of the proposed adaptive-step-size, multivariable, extremum seeking con-
troller is shown in Fig. 3.2. We de�ne the state variables of the multicopter (relevant to our
problem) asx = [ v; � ]T , wherev and � are the speed and sideslip of the vehicle, respectively.
The outputs of the extremum seeking controller are de�ned asr = [ r v; r � ]T , wherer v is the
reference 
ight speed andr � is the reference 
ight sideslip. We assume a smooth control law
� (x ; r ), so that the closed-loop dynamics of the speed and sideslip are represented by

_x = f (x ; � (x ; r )) : (3.1)

The cost function is represented by

y = h(x ): (3.2)

We make the following assumptions about the closed-loop vehicle dynamics and the cost
function:

Assumption 1. There exists a smooth functionl : R2 ! R2 such that f (x ; � (x ; r )) =
0 if and only if x = l (r ).

Assumption 2. For each reference inputr , the controller ensures that the equilibrium
x = l (r ) is locally exponentially stable uniformly inr .

Assumption 3. The cost function (described in Section 3.2) has a local minimum at
r � = [ r �

v ; r �
� ]T , such that

O(h � l )(r � ) = 0 ; O2(h � l )(r � ) > 0: (3.3)
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Gradient estimation

The extremum seeking controller approximates the gradient of the cost function and inte-
grates the negative of the estimated gradient to minimize the cost [54]. To approximate the
gradient of the cost function, sinusoidal perturbations

p(t) = [ av sin(! vt); a� sin(! � t)]T (3.4)

are added to the speed setpoint ^r v and sideslip setpoint ^r � , whereav and a� are the speed and
sideslip perturbation magnitudes and the! v and ! � are the speed and sideslip perturbation
frequencies.

The cost function's valuey consists of low-frequency components (� v and � � ) and high-
frequency components (y � � v and y � � � ). The cost is �rst high pass �ltered to remove the
low-frequency components and retain only the cost changes because of the perturbations.
These values are then multiplied elementwise with the demodulation signals

d(t) = [sin( ! vt); sin(! � t)]T ; (3.5)

where the demodulation signals' frequencieswv and w� are the same as their corresponding
perturbation frequencies. We denote the results of the multiplications as� v and � � . If the
cost function's value change is in phase with the perturbations, which means that the cost
value increases as the inputs' values increase,� v and � � will be positive. If they are out of
phase, the outputs will be negative. After this,� v and � � are sent to low pass �lters, whose
outputs are approximations of the cost function's gradient, denoted byqv and q� .

Step size adapter

The di�erence between the proposed extremum seeking controller and the standard mul-
tivariable extremum seeking controller [55] is the step size adapters, which are de�ned as
follows:

_mv = 
 v(q2
v � mv); _m� = 
 � (q2

� � m� ); (3.6)

gv =
qvp

mv + �
; g� =

q�p
m� + �

; (3.7)

where mv; m� are estimates of the second moments of the output of the low pass �ltersqv

and q� , and � is a small positive constant preventing dividing by zero. Equations in (3.6)
are essentially �rst-order low-pass �lters forq2

v and q2
� , and 
 v and 
 � denote their cut-o�

frequencies respectively. The idea is motivated by the adaptive moment estimation algorithm
(Adam) [56], which is commonly used in the stochastic optimization of objective functions
in machine learning, such as training neural networks [57, 58].

The adapters take in the output of the low pass �ltersqv and q� (the gradient estimates),
and outputs gv and g� . They are then passed to the integrators to perform gradient descent.
The e�ective step size for gradient descent iskvgv=qv for the speed optimization andk� g� =q�
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for the sideslip optimization, and the step size adapters change them by changinggv and g� .
The second moments of the initial outputs from the low pass �lters are used to initializemv

and m� in (3.6).
In (3.7), by dividing qv and q� with the square root of their corresponding second mo-

ments, the outputs gv and g� of the adapters will be approximately bounded by� 1, since
jE[ql ]j=

p
E[q2

l ] � 1 (E denotes expected value, andql being eitherqv or q� ). As a result, the
descent rates for speed and slideslip are bounded bykv and k� . This can be understood as
establishing a trust region around the current parameter value, beyond which the current
gradient estimation can be inaccurate. In addition, the adapters output small values when
the gradient estimates have large uncertainty (mv and m� are large) and vice versa, which
makes the controller more robust to noise.

Stability Analysis

In this section, we present the stability proof of the novel multivariable extremum seeking
controller with adaptive step size through averaging and singular perturbation analysis. A
similar methodology was used in [55] to prove the stability of a single variable standard
extremum seeking controller and was used in [59] to prove the stability of a multivariable
Newton-based extremum seeking controller.

System dynamics

By substituting the setpoint r with r̂ + p(t), the closed-loop dynamics of the vehicle in (3.1)
can be rewritten as

_x = f (x ; � (x ; r̂ + p(t))) : (3.8)

The proposed extremum seeking controller's dynamics in Fig. 3.2 can be summarized as

_̂r v = � kv
qvp

mv + �
; _̂r � = � k�

q�p
m� + �

;

_qv = � ! lv qv + ! lv (y � � v) sinwvt;

_q� = � ! l� q� + ! l� (y � � � ) sinw� t;

_� v = � ! hv � v + ! hvy; _� � = � ! h� � � + ! h� y;

_mv = 
 v(� mv + q2
v); _m� = 
 � (� m� + q2

� ):

(3.9)

The parameters for the extremum seeking controller are selected as

! v = !!
0

v = O(! ); ! � = !!
0

� = O(! );

! hv = !�w
0

hv = O(!� ); ! h� = !�w
0

h� = O(!� );

! lv = !�w
0

lv = O(!� ); ! l� = !�w
0

l� = O(!� );

kv = !�k
0

v = O(!� ); k� = !�k
0

� = O(!� );


 v = !�

0

v = O(!� ); 
 � = !�

0

� = O(!� );

(3.10)



CHAPTER 3. FAST ADAPTATION OF SPEED AND SIDESLIP FOR ENERGY
EFFICIENT FLIGHT 29

where � and ! are small positive constants, and!
0

v, !
0

� , !
0

hv , !
0

h� , !
0

lv , !
0

l� , k
0

v, k
0

� , 

0

v and



0

� are positive constants. In addition, for this multivariable extremum seeking controller to
work for both the speed and the sideslip angle simultaneously, their perturbation frequencies
! v and ! � should be distinct.

For the following averaging and singular pertubration analysis, we use the time scale
� = !t . In addition, we de�ne

~r v = r̂ v � r �
v ; ~r � = r̂ � � r �

� ;

~� v = � v � (h � l )(r � ); ~� � = � � � (h � l )(r � ):
(3.11)

Then, the system dynamics in (3.8) and (3.9) with small perturbations can be rewritten as:

!
dx
d�

= f (x ; � (x ; r � + ~r + p(� ))) ; (3.12)

d
d�

2

6
6
6
6
6
6
6
6
6
6
4

~r v

~r �

qv

q�

~� v

~� �

mv

m�

3

7
7
7
7
7
7
7
7
7
7
5

= �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

(� k
0

vqv)=
p

mv + �

(� k
0

� q� )=
p

m� + �

!
0

lv (y � (h � l )(r � ) � ~� v) sinw
0

v � � !
0

lv qv

!
0

l� (y � (h � l )(r � ) � ~� � ) sinw
0

� � � !
0

l� q�

� !
0

hv ~� v + !
0

hv (y � (h � l )(r � ))

� !
0

h� ~� v + !
0

h� (y � (h � l )(r � ))



0

v(� mv + q2
v)



0

� (� m� + q2
� )

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.13)

where ~r = [~r v; ~r � ]T , �p(� ) = p(t=! ).

Averaging analysis

We �rst freeze the dynamics of the vehicle (3.8) at its equilibrium pointx = l (r � + ~r + �p(� )),
substitute it into (3.13) and get the reduced system

d
d�

2

6
6
6
6
6
6
6
6
6
6
4

~r v

~r �

qv

q�

~� v

~� �

mv

m�

3

7
7
7
7
7
7
7
7
7
7
5

= �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

(� k
0

vqv)=
p

mv + �

(� k
0

� q� )=
p

m� + �

!
0

lv (v(~r + �p(� )) � ~� v) sinw
0

v � � !
0

lv qv

!
0

l� (v(~r + �p(� )) � ~� � ) sinw
0

� � � !
0

l� q�

� !
0

hv ~� v + !
0

hvv(~r + �p(� ))

� !
0

h� ~� v + !
0

h� v(~r + �p(� ))



0

v(� mv + q2
v)



0

� (� m� + q2
� )

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (3.14)
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wherev(~r + �p(� )) = ( h � l )(r � + ~r + �p(� )) � (h � l )(r � ). From Assumption 3 we have that:

v(0) = 0 ; Ov(0) = 0 ; O2v(0) > 0: (3.15)

To provide compact notations, we denoteO2v(0) = H for later discussion. The least common
period of sinusoidal functions with frequencies of!

0

v and !
0

� is de�ned as �. We �rst prove
the stability of the reduced system using averaging analysis:

Proposition 1. For the reduced system(3.14), under Assumption 3, there exists�a and ��
such that for all kak 2 (0; �a), � 2 (0; �� ), the reduced system dynamics(3.14) have a unique
exponentially stable periodic solution of period� , which for all � > 0

�
�~r �

v (� )
�
� � O(� + kak2);

�
� ~r �

� (� )
�
� � O(� + kak2);

�
� ~� �

v (� )
�
� � O(� + kak2);

�
� ~� �

� (� )
�
� � O(� + kak3);

�
�q�

v

�
� � O(� );

�
�q�

�

�
� � O(� );

�
�m�

v

�
� � O(� );

�
�m�

�

�
� � O(� ):

(3.16)

Proof. The reduced system (3.14) is in the form where the averaging method is applicable
[60, Chapter 10.4] (� is a small positive parameter). Its corresponding averaged system
dynamics can be described as follows,

d
d�

2

6
6
6
6
6
6
6
6
6
6
4

~r a
v

~r a
�

qa
v

qa
�

~� a
v

~� a
�

ma
v

ma
�

3

7
7
7
7
7
7
7
7
7
7
5

= �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

(� k
0

vqa
v )=

p
ma

v + �

(� k
0

� qa
� )=

p
ma

� + �

!
0

lv
1
�

R�
0 (v(~r a + �p(� )) sin !

0

v �d� � !
0

lv qa
v

!
0

l�
1
�

R�
0 (v(~r a + �p(� )) sin !

0

� �d� � !
0

l� qa
�

� !
0

hv ~� a
v + !

0

hv
1
�

R�
0 v(~r a + �p(� ))d�

� !
0

h� ~� a
� + !

0

h�
1
�

R�
0 v(~r a + �p(� ))d�



0

v(� ma
v + qa

v
2)



0

� (� ma
� + qa

�
2)

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (3.17)

where the superscripta denotes the variables of the averaged system, and � is the least
common period of sinusoidal functions with frequencies of!

0

v and !
0

� .
The equilibrium point of the averaged system (3.17) is denoted as [~r a;e

v ; ~r a;e
� ; qa;e

v ; qa;e
� ; ~� a;e

v ;
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~� a;e
� ; ma;e

v ; ma;e
� ]T which satis�es:

qa;e
v = qa;e

� = 0; (3.18)

ma;e
v = ma;e

� = 0; (3.19)
Z �

0
(v(~r a;e + �p(� )) sin !

0

v �d� = 0; (3.20)
Z �

0
(v(~r a;e + �p(� )) sin !

0

� �d� = 0; (3.21)

~� a;e
v = ~� a;e

� =
1
�

Z �

0
v(~r a;e + �p(� ))d�; (3.22)

where the superscripte denotes the variables for the equilibrium point. We consider ~r a;e
v and

~r a;e
� as perturbations with second-order Taylor series expansion overav and a� ,

~r a;e
v = b1;vav + b2;va� + b3;va2

v + b4;vava� + b5;va2
� + O(kak3); (3.23)

~r a;e
� = b1;� av + b2;� a� + b3;� a2

v + b4;� ava� + b5;� a2
� + O(kak3); (3.24)

where bi;v and bi;� (i = 1; ::; 5) are constant numbers. By substituting (3.23), (3.24) into
(3.20), (3.21), integrating and equating the like powers ofav and a� , we can �nd that the
�rst-order coe�cients and second-order coe�cients for the mixing terms are zero, and ~r a;e

v
and ~r a;e

� can be written as:

~r a;e
v = b3;va2

v + b5;va2
� + O(kak3); (3.25)

~r a;e
� = b3;� a2

v + b5;� a2
� + O(kak3): (3.26)

In addition, by substituting (3.25), (3.26) into (3.22) and integrating, we can get

~� a;e
v = ~� a;e

� =
1
4

(H11a2
v + H22a2

� ) + O(kak3): (3.27)

At the equilibrium point of the averaged system in (3.17), the HessianJ a;e
r is a block-

diagonal matrix as follows,

J a;e
r = �

�
A 04� 4

B � diag(!
0

hv ; !
0

h� ; 

0

v; 

0

� )

�
; (3.28)

whereA; B 2 R4� 4,

A =

2

6
6
4

0 0 � k
0

v=
p

� 0
0 0 0 � k

0

� =
p

�
A31 A32 � !

0

lv 0
A41 A42 0 � !

0

l�

3

7
7
5 ; (3.29)
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B =

2

6
6
4

B11 B12 0 0
B21 B22 0 0
0 0 0 0
0 0 0 0

3

7
7
5 ; (3.30)

with expressions of two matrices,

�
A31 A32

� T
=

!
0

lv

�

Z �

0

@v( ~r a;e + �p(� ))
@~r a;e

sin!
0

v �d�; (3.31)

�
A41 A42

� T
=

!
0

l�

�

Z �

0

@v( ~r a;e + �p(� ))
@~r a;e

sin!
0

� �d�; (3.32)

�
B11 B12

� T
=

!
0

hv

�

Z �

0

@v( ~r a;e + �p(� ))
@~r a;e

d�; (3.33)

�
B21 B22

� T
=

!
0

h�

�

Z �

0

@v( ~r a;e + �p(� ))
@~r a;e

d�: (3.34)

Hence, the block-lower-triangular matrixJ a;e
r in (3.28) is Hurwitz if and only if that all

diagonal submatrices are Hurwitz. Since�; 

0

v, 

0

� , !
0

hv and !
0

h� are positive constants, it
remains to proveA as Hurwitz for stability.

With a �rst-order Taylor expansion we can get that
�
A31 A32

A41 A42

�
=

1
2

�
!

0

lv av 0
0 !

0

l� a�

�
H + O(kak): (3.35)

The characteristic polynomial ofA with roots � can be written by computing the determinant
of �I � A,

det(�I � A)

= det
�

�I
�

�I + �
�
!

0

lv 0
0 !

0

l�

��
+

� 2

p
�

�
A31 A32

A41 A42

� �
k

0

v 0
0 k

0

�

��

= det
�

� 2I + ��
�
!

0

lv 0
0 !

0

l�

�
+

� 2

2
p

�

�
!

0

lv av 0
0 !

0

l� a�

�
H

�
k

0

v 0
0 k

0

�

�
+ O(� 2 kak)

�
; (3.36)

which can be expanded to a 4th order polynomial of� . Under the assumptions thatkak is
small and that the HessianH in (3.15) is positive, the roots of this 4th order polynomial
can be shown have negative real parts using the Routh-Hurwitz criterion [61, Chap. 6.2],
implying that A is Hurwitz. Therefore,J a;e

r is proven as Hurwitz. The Hurwitz JacobianJ a;e
r

indicates that the equilibrium point of the averaged system (3.17) is locally exponentially
stable if av and a� are su�ciently small. Then according to [60, chapter 10.4], the theorem
is proved.

This implies that the error terms ~r �
v (� ) and ~r �

� (� ) converge to anO(� + kak2) neighbour-
hood of zero. The 
ight speed and sideslip found by the extremum seeking controller are
periodic and converge to anO(� + kak2) neighbourhood of their optimal valuesr �

v and r �
�

(i.e. values that minimize the cost functions de�ned in Section 3.2).
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Singular perturbation analysis

We then analyze the full system (3.12) and (3.13). To provide compact notations, we de�ne
the state vector of the extremum seeking controller asz = [~r v; ~r � ; qv; q� ; ~� v; ~� � ; mv; m� ]T , and
write (3.13) as

dz
d�

= � E (�; x ; z): (3.37)

By Proposition 1, there exists an exponentially stable periodic solutionz � (� ) such that

dz � (� )
d�

= � E (�; L (�; z � (� )) ; z � (� )) : (3.38)

where L (�; z � (� )) = l (r � + ~r + �p(� )). To convert the system (3.12) and (3.37) into the
standard singular perturbation form, we shift the statez to get ~z = z � z � (� ) such that

!
dx
d�

= ~F (�; x ; ~z); (3.39)

d~z
d�

= � ~E (�; x ; ~z): (3.40)

where

~E (�; x ; ~z) := E (�; x ; ~z + z � (� )) � E (�; L (�; z � (� )) ; z � (� ))
~F (�; x ; ~z) := f (x ; � (x ; r � + ~r + p(� ))) :

The quasi-steady state is
x = L (�; ~z + z � (� )) : (3.41)

By substituting the quasi-steady state into (3.40) and we get the reduced model

d~z
d�

= � ~E (�; L (�; ~z + z � (� )) ; ~z); (3.42)

which has an equilibrium at the origin ~z = 0. The equilibrium has been shown to be
exponentially stable in the proof of Proposition 1. In addition, we study the stability of the
boundary layer model (in the time scalet = �=! )

dx b

dt
= ~F (�; x b + L (�; ~z + z � (� )) ; ~z) = f (x b + l (r ); � (x b + l (r ); r )) : (3.43)

Sincef (l (r ); � (l (r ); r )) = 0 according to Assumption 1, x b = 0 is the equilibrium of the
boundary layer model (3.43). By Assumption 2, this equilibrium is locally exponentially
stable uniformly in r .

Combining the exponential stability of the reduced model with the exponential stability
of the boundary layer model, and using Tikhonov's theorem on the in�nite interval [60,
Chapter 11.3], we can conclude that the solution of (3.37) isO(! )-close to the solution of
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the reduced model (3.42). Using the results of Proposition 1, we can then conclude that the
error terms ~r �

v (� ) and ~r �
� (� ) converge to anO(! + � + kak2) neighbourhood of zero.

In summary, the proposed extremum seeking controller is locally stable { starting from an
initial condition near the cost function's local minimum, it will converge to a neighbourhood
around that local minimum if the perturbation is su�ciently small and slow relative to the
closed-loop dynamics of the vehicle, and if the Assumptions 1-3 hold.

Extremum seeking parameter selection

The values of parameters of the standard extremum seeking controller and our proposed
adaptive step size extremum seeking controller used throughout the experiments are shown
in Table 3.2. The perturbation frequencies (wv and w� ), perturbation magnitudes (av and
a� ), gains for the integrator (kv and k� ), cuto� frequencies of high-pass (whv and wh� ) and
low-pass �lters (wlv and wl� ) need to be selected properly to achieve good performance of
the extremum seeking controllers. The guidelines for choosing them are detailed below:

Perturbation frequencies

The perturbation frequencies must be slow compared with the closed-loop dynamics of the
quadcopter (! should be small as mentioned in the stability analysis), such that they can be
well tracked by the vehicle. Mathematically, the perturbation frequency could be selected
smaller than the dominant frequency of the vehicle's closed-loop dynamics. The perturbation
frequencies can be increased to achieve a faster convergence rate [62], given they can be
tracked well by the vehicle. In addition, the multivariable extremum seeking control requires
distinct perturbation frequencies for the speed and sideslip angle.

Perturbation magnitudes and integrator gains

Large values for the perturbation magnitudes will be helpful for faster convergence, but
will increase the oscillation magnitudes. Large values for the integrator gains will also be
helpful for faster convergence, but will make the controller more sensitive to disturbances.
As a result, we can increase the perturbation magnitudes and integrator gains to obtain the
fastest convergence speed for a permissible amount of oscillation and sensitivity.

Cuto� frequencies of the high-pass and low-pass �lters

The cuto� frequencies of the high-pass and low-pass �lters should be designed based on their
corresponding perturbation frequencies: the cuto� frequency of the high-pass �lter should be
set higher than the perturbation frequency (whv � wv and wh� � wv), and the cuto� frequency
of the low-pass �lter should be set lower than the perturbation frequency (wlv � w� and
wl� � w� ), to prevent attenuation of measurements at the perturbation frequency. We set the
cuto� frequencies of the high-pass and low-pass �lters to be the same as their corresponding
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